While Fourier's law is empirically confirmed for many substances and over an extremely wide range of thermodynamic parameters, a convincing microscopic derivation still poses difficulties. With current machines the solution of Newton's equations of motion can be obtained with high precision and for a reasonably large number of particles. For simplified model systems one thereby arrives at a deeper understanding of the microscopic basis for Fourier's law. We report on recent, and not so recent, advances.
Introduction
In its modern form the law of heat conduction consists of two parts. The first part states the conservation of energy in a continuum form as ∂ t e + ∇ x · j e = 0.
(1)
Here e(x, t) is the local energy at location x and time t, while j e (x, t) is the local energy current. x ∈ R 3 would be physical space, but later on we also consider models in one dimension for which x ∈ R, ∇ x = ∂ x . The second part, Fourier's law proper, states that the energy current is proportional to the gradient of the local temperature, T (x, t),
with κ the conductivity matrix. Introducing the heat capacity c = ∂e/∂T , equivalently
and, combining with (1) , one arrives at
If κ and c are independent of e, then (4) is a linear equation which, in infinite space, can be solved through Fourier transform as ∂ tê (k, t) = − (k · κk) cê (k, t).
Experimentally, the local temperature, T (x, t), is more easily accessible. Then in (4) e(x, t) is substituted by T (x, t). The thermal conductivity is tabulated for a wide range of substances. There is no doubt that empirically Fourier's law is of an essentially universal applicability. Fourier's Théorie analytique de la chaleur was published in 1822 [1] . A few decades later, physical matter was conceived as made up of many molecules with their motion governed by Newton's equation of motion. Thus the issue of deriving Fourier's law from an underlying microscopic theory was moved to the agenda. In an early triumph, Boltzmann and Maxwell used kinetic theory to predict the thermal conductivity of gases. Peierls extended the kinetic theory to solids and Nordheim to weakly interacting electrons. Still nowadays kinetic theory is used as a basic tool for computing conductivities. But for strongly interacting systems, with no obvious small parameter at hand, the problem remains challenging.
There are some obvious constraints for (2) to be valid. Fourier's law refers to a single conservation law. Generically, one has to expect several conservation laws, which in principle requires to handle all of them on equal footing. Secondly, κ will itself depend on energy and the diffusion equation (4) becomes nonlinear.
In a mechanical model, for which the motion of molecules is governed by a Hamiltonian with a short range potential, energy is locally conserved. Therefore local energy conservation holds for every history, which in essence implies the validity (1) on a macroscopic scale for typical initial data. The true difficulty arises in establishing Fourier's law for a specific model Hamiltonian [2] . Just to mention a single item, in (2) the response of the current to a temperature gradient is modeled as strictly local. However, microscopically the response will take some time and will be smeared over a spatial region. Thus one has to invoke dynamical properties of the motion of many molecules which ensure the validity of (2) on a suitably coarse space-time scale.
Defining Fourier's law
We proceed with a specific model, describing a one-dimensional solid with anharmonic couplings. But the method easily extends to more complicated models. We consider the one-dimensional lattice Z, or possibly some segment [N 1 , ..., N 2 ]. The atoms have displacements q j and the associated momentum p j , j ∈ Z. Without restriction we set the mass equal to 1. The motion of the atoms is confined by an on-site potential U . In addition the atoms are coupled through the potential V . Both potentials are bounded from below and U (q), V (q) → ∞ as |q| → ∞. Then our model Hamiltonian reads
The equations of motion arë
For a generic choice of U, V the energy is expected to be the only locally conserved field. The local energy is
and from (7) we infer the local energy current
with the property thatė
obviously the discrete version of (1). There are two conceptually different ways to define Fourier's law. The first one focuses on heat diffusion. For this purpose we introduce the Gibbs distribution
with β = 1/k B T the inverse temperature and H N as in (6) , but the sum restricted to j = 1, ..., N − 1. We will use temperature units such that k B = 1. Since the model is in one dimension, the infinite volume limit is well-defined and the limit state has a finite correlation length, of course depending on β. Averages at infinite volume are denoted by · β and the connected correlation by · c β . We now introduce the energy time-correlation through C ee (j, t) = e j (t)e 0 (0) c β ,
which can be viewed as perturbing the thermal state at the origin and measuring how the surplus energy propagates. Since j, t → e j (t) is stationary under space-time translations, to fix one argument at j = 0, t = 0 is just a standard convention. By space-time reversal, C ee (j, t) = C ee (−j, t) = C ee (j, −t). The static energy susceptibility is defined through
where the second identity follows from the conservation law. For small |j|, |t| the energy correlator depends on specific microscopic details. But considering larger arguments, C ee (j, t) should be well approximated by the heat diffusion kernel
the prefactor ensuring the normalization (13) . In particular we have achieved a microscopic definition of the energy diffusivity D = D(β). By taking second moments in (12) and using (10), one obtains a Green-Kubo identity for D(β) as
No truncation is needed, since J 0 (0) β = 0.
In general, D depends on β and thereby on e through the thermodynamic relation e(β) = e 0 β . Thus heat will propagate according to a nonlinear diffusion equation, as already argued before. However, by our choice of initial conditions, we have to match the microscopic evolution with the linearized diffusion equation. The nonlinearity would become manifest by imposing initially a slowly varying, non-constant energy profile.
The Green-Kubo formula well illustrates the difficulties. The chain is strongly interacting, except when both potentials are harmonic. Small deviations from harmonicity could be handled by kinetic theory. But otherwise the dynamics is chaotic. No analytic theory should be expected. Fortunately these days we have the capability to run molecular dynamics (MD) simulations on large systems with high precision. While our model is strongly simplified, MD teaches us a lot. One can check how fast the ideal theoretical value of D is approached, if at all, how D depends on β, and many more details. In fact, when by modern standards the still fairly primitive computers became available to physicists, one of the first MD simulations studied 300 hard disks in a quadratic volume with a density of 1 2 relative to close packing [3] . To the then big surprise, the total momentum current time-correlation was discovered to decay only as |t| −1 , which triggered the theoretical investigations on long-time tails of current time-correlations.
The second approach focuses directly on Fourier's law through the energy current induced by a small temperature gradient [4, 5] , which is closer to an experimental set up. The basic idea is to impose thermal boundary conditions on (7) . Theoretically preferred are Langevin thermostats. In some MD simulations one adds sufficiently chaotic deterministic reservoir dynamics, as Nose-Hoover thermostats, which are designed so to act as a heat bath. Thereby a somewhat faster algorithm is achieved, which is however less significant with modern machines. We choose j = 1 and j = N as boundary points. In addition to the deterministic motion (7) we modify the dynamics of the first site tȯ
where the extra variable q 0 is introduced to fix boundary conditions (e.g q 0 = 0 for fixed boundary conditions), and ξ(t) is standard Gaussian white noise with correlator
The friction coefficient γ is a free parameter. T L is the temperature of the left reservoir. If there is only coupling to this heat bath, the other end being left free, then in the long time limit the system approaches thermal equilibrium at temperature T L . Correspondingly we add a reservoir at j = N with temperature T R . If T L = T R , again thermal equilibrium is the unique steady state. But if T L = T R a nonequilibrium steady state (NESS) is imposed with no explicit formula for its probability density function at hand. In MD one would run the system for a long time until in approximation statistical stationarity is observed. The average in the corresponding steady state is here denoted by · T L ,T R . In fact, under suitable conditions on U, V it is known that the steady state has a smooth density and the stochastic generator has a spectral gap, implying exponentially fast convergence to stationarity [6] . While the mathematical proofs are ingenious, they cannot access the N -dependence which is the crux of Fourier's law. Because of the conservation law the steady state current is constant in j and, based on the solution of (5) with thermal boundary conditions, one expects that
with η depending on both boundary temperatures. In linear response,
The thermal conductivity, κ, depends on T in general. The linear response argument can be carried out also for the microscopic model, resulting in
for large N , thereby confirming the Einstein relation
since the specific heat satisfies c = χ ee /T 2 according to thermodynamics. 
Molecular dynamics of model systems
We discuss three examples of Hamiltonian systems for which the validity of Fourier's law one can tested through numerical simulations. The examples include two one-dimensional systems and one three-dimensional system. To measure transport coefficients by numerical means has a long tradition, to mention only [7, 8, 9] . To obtain finer details, as full energy and energy current distributions and steady state profiles, is more recent and obviously reflects the increased computational power.
One-dimensional φ 4 chain
We consider the Hamiltonian (6) with the choices U (q) = q 4 /4, V (r) = r 2 /2. Nonequilibrium as well as equilibrium simulations of this model were performed in [10, 11, 12] and clearly demonstrated the validity of Fourier's law. A kinetic theory treatment was presented in [13, 14] and a formula for the conductivity, valid in the weak-nonlinearity limit was proposed and tested in simulations. Here we present results from recent both nonequilibrium as well as equilibrium simulations.
Equilibrium simulations. The sum in Eq. (6) is restricted to j = 1, 2, . . . , N and with periodic boundary conditions q N +1 = q 1 . In Fig. (1) we show plots for the energy correlator in equilibrium as defined in (12) . The data have been generated by averaging over 4 × 10 5 initial conditions chosen from a Gibbs distribution at temperature T = 5.0. We observe a diffusive spreading of the correlations, following the prediction of Eq. (14), with a diffusion constant D ≈ 0.425. As a test of the Green-Kubo identity (15) , we also evaluated the energy current auto-correlation C J (t). The data are shown in Fig. (2) , where the timeintegral is seen to converge to a value I ≈ 8.64. According to (15) , one expects I = χ ee D. Indeed this is consistent with our numerical results, since χ ee D = 20.36 × 0.425 = 8.653, while I = 8.64.
Nonequilibrium simulations. We consider a finite chain of N particles i = 1, 2, . . . , N and consider the Hamiltonian (6) with tied down boundary conditions which means to add the extra interaction terms (q 1 − q 0 ) 2 /2, resp. (q N +1 − q N ) 2 /2, and setting q 0 = 0 = q N +1 . The particles i = 1 and i = N are connected to Langevin heat baths as in (16) . We choose the left and right bath temperatures to be T L = 5.25 and T R = 4.75 respectively, so that the mean temperature T = (T L + T R )/2 = 5.0 is the same as that in the equilibrium simulations, and the temperature difference ∆T = T L − T R = 0.5 = 0.1T is relatively small, thus still in the linear response regime. In Fig. (3) we plot the temperature profile and the local current profile obtained in the nonequilibrium steady state for system sizes N = 64, 128, 256. The linear temperature profile suggests that the thermal conductivity does not vary much in the given small temperature range and we expect that the thermal conductivity is obtained through κ = N J i /∆T . From our data for different sizes, we estimate κ = 0.337. We confirm also the Einstein relation (20) , since our numerical results yield for the right-hand-side (20.36/25) × 0.425 = 0.34442, to be compared with κ = 0.337 from nonequilibrium simulations.
One-dimensional Heisenberg spin chain
Spin models provide an interesting class of models to study transport. Several studies on the rotor chain (equivalent to the XY model) have verified Fourier's law in this system at finite temperatures [15, 16, 17] . Here we report studies of the Heisenberg spin chain which is a well-known model in condensed matter physics and widely used to understand magnetic systems. The properties of dynamical correlations in this system were recently studied [18] and we report on some results relevant to our discussion here. The spins are of unit length and arranged along a one-dimensional lattice, S j = (S x j , S y j , S z j ) with | S j | = 1, j = 1, 2, . . . N . The system is described by the Hamiltonian
and we consider periodic boundary conditions S N +1 = S 1 . The equations of motion are
where the Poisson bracket between two functions, g 1 , g 2 , of the spin variables is defined by {g 1 , g 2 } = j αβγ (∂g 1 /∂S α j )(∂g 2 /∂S β j )S γ j with the usual summation convention. To see the Hamiltonian character of the dynamics it is instructive to introducing the position-like 
where f (x) = (1 − x 2 ) 1/2 . In these variables the Hamiltonian (21) reads
while the equations of motion take the standard Hamiltonian form
This system is expected to be non-integrable with two conserved fields only, namely the total energy H and the total z-magnetization M = j S z j . Hence, at any finite temperature, it is natural to consider the equilibrium distribution e −β(H−hM ) /Z(β, h), where h is an external magnetic field. It can be shown that the corresponding currents have vanishing equilibrium expectations.
On the theory side one has to extend the discussion in Sect. 2 to several conserved fields. Thus D, χ, κ become n × n matrices, n = 2 for the XXZ chain. The susceptibility χ is a symmetric matrix. To ensure stability D must have positive eigenvalues, but is not symmetric, in general. Onsager realized that the microscopic total current matrix, compare with (15) , is symmetric by definition. For the XXZ model, spin and energy have 
where the energy density is defined as e j = S x j S x j+1 + S y j S y j+1 + ∆S z j S z j+1 . In Figs. (4,5) , simulation results are shown for C ee (j, t), C ss (j, t) at different times and for parameter values β = 1.0 and h = 0.0. The insets confirm that both correlations spread diffusively. The simulation results were obtained by averaging over 10 5 equilibrium initial conditions. Also, the cross correlations have indeed a small amplitude [18] .
Fermi-Pasta-Ulam model in three dimensions
As third example we discuss a three-dimensional momentum conserving system for which simulation results indicate the anticipated validity of Fourier's law. We consider a 3D block of dimensions N ×W ×W , with a scalar displacement field q n defined on each lattice site n = (n 1 , n 2 , n 3 ) where n 1 = 1, 2, ..., N and n 2 = n 3 = 1, 2, ..., W . The Hamiltonian is taken to be of the Fermi-Pasta-Ulam (FPU) form,
where e denotes a unit vector pointing along one of the three lattice axes. We have set the strength of the harmonic spring constants to one. The anharmonicity parameter is ν. For this model we will discuss only results from nonequilibrium studies that were reported in [19] . To enforce a NESS, two of the faces of the crystal, namely those at n 1 = 1 and n 1 = N , are coupled to white noise Langevin heat baths. The equations of motion are then given bÿ
At a given site one has added normalized Gaussian white noise, compare with (16) , while the noise terms are uncorrelated at distinct sites. As before, tied down boundary conditions are used for the particles connected to the baths and periodic boundary conditions are imposed in the other directions. We study heat current and temperature profile in the nonequilibrium steady state. The heat current j n from the lattice site n to n + e 1 where e 1 = (1, 0, 0), is given by j n = F n,n+e 1q n+e 1 , with F n,n+e 1 being the force on the particle at site n + e 1 due to the particle at site n. The steady state average current per bond is given by
while the average temperature across layers in the slab is given by
In Fig. (6) the size-dependence of the effective conductivity κ = J N/∆T is plotted as a function of N for a sample of dimensions N × 32 × 32. For comparison, we also display corresponding results for one-and two-dimensional lattices. There is good evidence for a finite conductivity in 3D, while it seems to diverge in lower dimensions.
Conclusions
Note that the FPU lattice in one dimension is a special case of the Hamiltonian (6) . The on-site potential U = 0 and the coupling potential is anharmonic. Our simulations suggest that the steady state energy current is of order N −1+α with some α > 0, hence larger than predicted by Fourier's law. So how come? In fact, super-diffusive transport in one dimension was first noted numerically in [9] and later widely confirmed with α in the range 0.3 − 0.5 depending on the choice of V , see the reviews and survey articles [4, 5, 20] . If U = 0, energy is the only conservation law. But for the FPU chain, with general V , in addition momentum is conserved and also the free volume, microscopically the stretch r j = q j+1 − q j . This by itself would not necessarily imply super-diffusive transport. But for U = 0 the equilibrium states are of the form
with u the mean velocity and P > 0 the pressure. Because of momentum conservation, there are equilibrium states with a non-zero mean drift. Compared to the φ 4 model, a distinct mechanism for transport of energy over longer distances is available. Such qualitative considerations merely indicate that Fourier's law, while widely applicable, cannot be taken for granted. The precise value of the exponent α depends on V . For example for the harmonic chain, V (x) = x 2 , one would find α = 1, because phonons propagate without collisions from one heat bath to the other. Other integrable models, as the Toda lattice, exhibit the same behavior. Kinetic theory predicts α = 0.4 [21] . Nonlinear fluctuating hydrodynamics claims α = 0.33, up to specified exceptions [22, 23] , which seems to be widely confirmed [24] . Numerically difficulties arise because of possibly long cross-over scales [25, 26, 27] . For example, for V (x) = 1 2 x 2 − 1 3 x 3 + 1 4 x 4 and a boundary temperature range of 0.1 − 1.0, even reaching N = 65536 the effective α varies between 0.09 and 0.33. It also depends on the choice of boundary conditions, either tied down or free [25] .
For models in higher dimensions, the harmonic crystal exhibits α = 1 always. As soon as the interaction is nonlinear, no violation of Fourier's law is known. Possibly a systematic search is still missing.
Our models describe only elastic interactions, even then in a simplified form. Real systems have several channels of energy transport. In addition the notion of perfect translation invariance is unrealistic. Disorder plays an important role, one example being isotope disorder. This may suppress energy transport completely. But for harmonic crystals in three dimensions, in the presence of a quadratic pinning potential U (q), isotope disorder is responsible for the validity of Fourier's law [28, 29] . The interplay between nonlinearity and disorder is another important issue [30] . Thus Fourier's law is still an active and exciting area of research.
